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JUTTA HAUSEN 2* Notation* Our notation and terminology concerning abelian groups will be standard as it can be found in [3] and [6] .
As usual, ω denotes the first infinite ordinal. A + B denotes the direct sum of the abelian groups A and B. Σ an d II* are our symbols for a direct sum and a cartesian or unrestricted direct product resp. The rank of an abelian ^-group H is the dimension of H[p] as a vector space over the primefield of characteristic p. An abelian pgroup is called homogeneous if it is a direct sum of isomorphic groups of rank 1. The maximal divisible subgroup of H will be denoted by dH. If Δ is a group of automorphisms of H, then H{Δ -1) is the set of all xδ -x where x e H and δ e A. The group of all automorphisms of H shall be denoted by A{H).
Following [3] [p] is called the μ-th Ulm-Kaplansky invariant of £Γ(cf. [6] , p. 27), and is denoted by f H (μ) . If H is a direct sum of cyclic groups and k ^ 0 an integer, then f H (k) is the number of cyclic direct summands of order p k+1 in such a decomposition (see [6] , p. 27). It is well known that f B (k) -f H (k), for every basic subgroup B of H, and every natural number k. From this it follows easily that the ranks of homogeneous direct summands of H are finite if and only if rk(dH) < y$ 0 and f H {a) < y$ 0 , for every ordinal a < ω.
If X can be imbedded into a group F, we write X Q Y.
3* The hypo residuum. For an arbitrary group X we define the residuum of X as the intersection of all subgroups of finite index of X and denote it by &X.
It is a consequence of a well known theorem by Poincare, that every subgroup of X of finite index contains a normal subgroup of X of finite index. Therefore, &X is also the intersection of all normal subgroups of X of finite index.
If <^?X is trivial, X is called residually finite (cf. [4] , p. 16).
The property of residual finiteness is inherited by subgroups but neither by extensions nor by epimorphic images. For our purposes we therefore introduce the concept of higher residua of X, obtained by interating the process of forming the residuum. As stated in the introduction, we define We are now going to develop the tools we will need in order to prove our results.
Throughout this section X, Y, and X { are multiplicative groups. It is convenient for us to denote the set of all normal subgroups of finite index of X by ^~{X). Hence = n N. A simple transfinite induction on μ using (+) completes the proof of Lemma 3.1. (
is the product of all normal subgroups N of X suck that every finite epimorphic image of N is trivial. (3) W is the set theoretical union of all subgroups S of X such that every finite epimorphic image of S is trivial.
Proof. Note that every finite epimorphic image of a group S is trivial if and only if &S -S. Hence, ΩX is a normal subgroup of X whose finite epimorphic images are trivial, and, by Lemma 3.1, every subgroup S of X satisfying S = &S is contained in ΩX. This proves the theorem.
As immediate consequences of Lemma 3.2 we state According to these corollaries the property of having a trivial hypo residuum is inherited by subgroups and extensions. It is not inherited by epimorphic images (cf. Lemma 3.7 and note that ΩZ{p°°) - Proof. First we want to show, for a subgroup S of X,
We know that as one checks easily. By comparing (1) and (2) and using the induction hypothesis it follows that = n Wπ A) S n I We have derived (*) for μ = a.
(ii) a -μ + 1. In this case we have (3) and (4) by induction hypothesis and Lemma 3.1. Since ( + ) is established for arbitrary cartesian products already, we know that
Comparing (3), (4), and (5), the statement (*) follows for μ -a. This proves Lemma 3.6.
LEMMA 3.7. If A is an (additively written) abelian group, then
Proof. For every subgroup S of finite index of A, there exists an integer n such that nA £ S. Hence, if x e f|^i n^ then x is contained in every subgroup of finite index and therefore (1) In order to show that equality holds in (1), let aeA, and a g f|^i n A. Then there exists an integer m such that aίmA.
Since A/mA is bounded, it is a direct sum of (finite) cyclic groups (see [3] , p. 44, Th. 11.2). It follows that A possesses subgroups F and H such that
and F/mA is finite. Therefore
is finite, i.e., H is a subgroup of finite index of A. But a&H, for otherwise, aeFf]H~mA because of (2), which is contradiction to our choice of a £ mA. Hence, a ί &A, and we have proven equality in (1).
4* Higher residua of automorphism groups* From now on we are concerned with automorphism groups of abelian groups. The word "p-group" always is used in the sense of abelian p-group.
If A is an abelian group and S a subgroup of A, the set of all automorphisms of A which fix S elementwise and induce the identityautomorphism in A/S is called the stabilizer of S in A and shall be denoted by ^(A:S). By a well known theorem of Kaloujnine Σ(A : S) is abelian (cf. [7] , p. 88, Satz 19). LEMMA 
If H is a p-group and SQH, then the stabilizer Σ (iϊ: S) of S in H is residually finite.
Proof. A closer examination of the proof of [7, p. 88, Satz 19] shows that actually Σ*(H:S) = Horn (H/S, S) (cf. [5] , p. 153, Hilfssatz
1.4). Hence, (+) j5? Σ (H: S) s & Horn (H/S, S) .

By Lemma 3.7 & Horn (H/S, S) = Γi ™ Hom (H/S, S) , and since H/S is a p-group, Rom (H/S, S) contains no element which is divisible by every power of p (see [3], p. 206, D)). Consequently, Γϊk^i P k Horn (H/S, S) = 0, and in particular & Horn (H/S, S) = Γ) n-Rom (H/S, S) = 0 .
This together with (+) proves our proposition. LEMMA and
If H is a p-group of finite rank, A(H) is residually
for every x e G 1 . Therefore, as stated in the lemma, every δ e zl induces the identity automorphism in G ι jG μ+ \ For a p-group if, the set of all automorphisms of H which induce the identity automorphism in H/p ω H is a normal subgroup of A{H) which shall be denoted by Γ(H). Proof. The proof of both statements will be by induction on μ. In order to simplify our notation let Γ = Γ(G). Since Γ -^Γ induces the identity automorphism in G/G\ the first step of each induction has been established. 
THEOREM 3. If G is a p-group without elements of infinite height such that f G (a) is finite for every ordinal a < ω y then its automorphism group A(G) is residually finite.
Proof. It is easy to verify that the finiteness of f G (a) for every a < a) is equivalent to the condition that
In order to prove our theorem we consider the set Δ(n, k) of all automorphisms of G which induce the identity automorphism in
finite. Again applying Lemma 3.1 the statement (5) REMARK. For an arbitrary abelian torsion group G the statements (l)-(5) still are equivalent. (6) has to be modified in an obvious way (cf. Lemma 3.6).
Proof. As stated several times before, (5) and (6) are equivalent. Clearly, (5) implies (3). Since by a well known theorem every countable group is a group of permutations on a countably infinite set, (2) follows from (3) . (1) is a trivial consequence of (2).
Let us assume the validity of (1) and recall that ΩZ(q°°) = Z(q°°) for every prime q. Therefore, by Corollary 3.3, ΩA{G) Φ 1 and we have derived (4) from (1) .
It remains to show that (4) implies (5) . But this is just the previous Theorem 4. The proof of the theorem is completed.
Theorem A, stated in the introduction, is an obvious consequence of this result. All the theorems stated in the introduction are proven.
